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Abstract
We study Einstein-Yang-Mills equations in the presence of a grav-
itating non-topological soliton field configuration consisted of a Higgs
doublet, in Brans-Dicke and general scalar-tensor gravitational theo-
ries. The results of General Relativity are reproduced in the ωBD, ω0 →
∞ limit. The numerical solutions correspond to a soliton star with
a non-abelian gauge field. We study the effects of the coupling con-
stant, the frequency of the Higgs field and the Brans-Dicke field on
the soliton parameters.
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1 Introduction
Einstein-Yang-Mills (EYM) equations have been investigated in several sys-
tems, [1]. Bartnik and McKinnon found particle-like non-abelian solutions
of the coupled EYM theory, [2, 3]. The coupling of the EYM system with a
scalar field may lead to several theories. We mention gravitating Skyrmions,
[4], black hole solutions in dilaton, [5, 6], and massive dilaton and axion grav-
ity, [7], and other field configurations in the EYM-Higgs theory with a Higgs
doublet, [8, 9] or with a Higgs triplet, [10, 11, 12].
Non-topological solitons and soliton stars have a long presence in modern
physics, [16]. In the present work we need the theory of q-balls and q-stars.
Q-balls are non-topological solitons in Lagrangians with a global U(1) sym-
metry, [17], or an SU(3) or SO(3) symmetry, [18]. Their relativistic general-
izations may consist of one or two scalar fields, [20], in a Lagrangian with a
global U(1) symmetry, or of a non-abelian scalar field in the adjoint represen-
tation of SU(3), [21], or of a scalar and a fermion field, [22] in asymptotically
flat or anti de Sitter spacetime, [23]. Q-solitons with local symmetries have
also been investigated. There are charged q-balls, [19], and charged q-stars,
[24].
Interesting alternative gravitational theories are the scalar-tensor gravi-
tational theories, which appeared in the original paper of Brans and Dicke
[13], where the Newtonian constant G was replaced by a scalar field φBD,
and the total action contained kinetic terms for the new field times an ωBD
quantity. ωBD was regarded as a constant in the original paper. The theory
generalized in a series of papers, [14, 15], mainly in the direction of replac-
ing the constant ωBD with a function of the Brans-Dicke (BD) scalar field.
Within the BD gravitational framework, Gunderson and Jensen investigated
the coupling of a scalar field with quartic self-interactions with the metric
and the BD scalar field, φBD, [25]. The properties of boson stars within this
framework have been extensively studied in a series of papers [26, 27, 28].
Their results generalized in scalar-tensor gravitational theories, [29, 30]. The
case of charged boson-stars in a scalar-tensor gravitational theory has been
analyzed in [31].
The purpose of the present work is to find numerical solutions, resembling
q-stars, of the EYM equations in the presence of a Higgs doublet in the fun-
damental representation of SU(2) in BD theory or in a general scalar-tensor
gravitational theory and to compare the above results with the solutions ob-
tained in General Relativity. In the absence of the gauge field, the equations
of motion give rise to a gravitating non-topological soliton, when using a cer-
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tain potential for which ωE ≡
√
U/|Φ|2
min
< m, where m is the mass of the
free particles, imposing an harmonic time-dependence on the scalar field and
equalizing the frequency to ωE. Our gravitating soliton is non-topological in
the sense that Φ, U → 0 for ρ → ∞ according to [16]. It is a q-type non-
topological soliton in the sense that in the absence of both gravitational and
gauge fields one can find by simple calculations that this spherically symmet-
ric Higgs field rotates within its symmetry space with a frequency ωE equal to
the minimum of the
√
U/|Φ|2 quantity, as in q-balls. The difference between
this soliton and the usual non-abelian q-balls is that the symmetry space in
the case of non-abelian q-balls is the entire SU(3) space but in our case is an
abelian U(1) subgroup of the SU(2) group, though both field configurations
are non-abelian. Also, we investigate the fundamental and not the adjoint
representation of SU(2). In any case we find an analytical solution for the
scalar field within the soliton, using the approximation known by the study
of q-stars.
2 EYM equations in Brans-Dicke gravitational
theory
We consider a Brans-Dicke scalar field φBD, a matter Higgs scalar doublet,
Φ, in the fundamental representation of SU(2) and a gauge field A, coupled
to the metric gµν . The total action is:
S =
1
16π
∫
d4x
√−g
(
φBDR − ωBDgµν ∂µφBD∂νφBD
φBD
)
+
∫
d4x
√−gLmatter , (1)
with ωBD a constant in BD gravity and a certain function of the φBD field in
generalized scalar-tensor gravitational theories and:
Lmatter = 1
4Kg2
TrFµνF
µν + (DµΦ)
†(DµΦ)− U . (2)
In the above Lagrangian we define:
DµΦ = ∂µΦ− ıAµΦ
Fµν = ∂µAν − ∂νAµ − ı[Aµ, Aν ] .
(3)
One may use the Fµν = ∂µAν − ∂νAµ − ıg[Aµ, Aν ] form and reproduce eq.
3 rescaling: Aµ → Aµ/g with g the gauge coupling, or field strength. The
3
one-form gauge field A is: A ≡ Aµdxµ ≡ TaAaµdxµ, with Ta = 12τa and τa
the Pauli matrices. The factor K appearing in the action is defined by the
relation Tr(TaTb) = Kδab, reading K = 1/2.
In the presence of the Brans-Dicke scalar, the Einstein equations take the
form:
Gµν =
8π
φBD
Tµν +
1
φBD
(φBD,µ;ν − gµνφBD ;λ;λ )
+
ωBD
φ2BD
(
∂µφBD∂νφBD − 1
2
gµν∂λφBD∂
λφBD
)
, (4)
and the equation of motion for the BD field is:
2ωBD
φBD
φBD
;λ
;λ − ωBD
∂λφBD∂λφBD
φ2BD
+R = 0 . (5)
Gµν is the Einstein tensor, R is the scalar curvature and Tµν the energy mo-
mentum tensor for the matter fields (gauge and Higgs) given by the equation:
Tµν =
2
g2
Tr
(
gαβFµαFνβ − 1
4
gµνF
αβFαβ
)
+
(DµΦ)
†(DνΦ) + (DµΦ)
T (DνΦ)
∗ − gµν [gαβ(DαΦ)†(DβΦ)]− gµνU . (6)
Tracing Einstein equations and substituting the result in the Lagrange equa-
tion for the BD field we take:
φBD
;λ
;λ =
8π
2ωBD + 3
T . (7)
We will choose a general, spherically symmetric field configuration, defin-
ing: na ≡ (sin ϑ cosϕ, sinϑ sinϕ, cosϑ) and Tρ = naTa, Tϑ = ∂ϑTρ and
Tϕ = (1/ sinϑ)∂ϕTρ. The gauge field and the Higgs doublet are:
A = aTρ + ı(1− Reω)[Tρ, dTρ] + ImωTρ =
aTρ + [ImωTϑ + (Reω − 1)Tϕ]dϑ+ [ImωTϕ + (1− Reω)Tϑ] sinϑdϕ, (8)
Φ = σ exp(ıξTρ)|b〉 (9)
with σ = σ(ρ, t), ξ = ξ(ρ, t), |b〉 a constant unit vector of the internal SU(2)
space of the scalar (Higgs) field and a = a0dt + aρdρ. In order to form
a field configuration corresponding to a charged q-type soliton we choose:
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a0 = a0(ρ), σ(ρ, t) = σ(ρ) and ξ = ωEt, when we choose aρ = 0 for simplicity.
The ansatz σ(ρ, t) = σ(r) and ξ = ωEt is the obvious generalization to the
φ(ρ, t) = σ(ρ)eıΩt ansatz, known from q-solitons. So, the role of the eigen-
frequency, Ω is now played by ωE. The choice aρ = 0 implies that our field
configuration is not very general, but our purpose is not to find the more
general solution, but a proper one, with the above features and resulting to
stable solitons. The BD scalar field is supposed to be static and to posses
a spherical symmetry, as the matter field configuration. With the above
assumptions, we can write a static, spherically symmetric metric:
ds2 = − 1
B
dt2 +
1
A
dρ2 + ρ2dϑ2 + ρ2 sin2 ϑdϕ2 . (10)
The matter action takes now the form:
Smatter =
∫
ρ2 sin ϑ√
AB
[
− 1
2g2
(
a′20 AB + 2
|ω|2a20
ρ2
+
(|ω|2 − 1)2
ρ4
)
+ σ′2A
−1
4
(ωE − a0)2σ2B + σ
2
2ρ2
[(Reω − cos(ωEt))2 + (Imω − sin(ωEt))2]− U
]
(11)
In order the action to be time-independent we may choose Reω = cos(ωEt)
and Imω = sin(ωEt), but this choice is not a solution to the equation of
motion for ω, or ω = 0 which is a solution of the equation of motion, so, our
solution is embedded abelian.
If m is the mass of the free particles, we make the following rescalings:
ρ˜ = 2mρ , ω˜E =
ωE
2m
, a˜0 =
a0
2m
, σ˜ =
σ
m
2
,
r˜ = ǫρ˜ , g˜ = gǫ−1 , ΦBD =
2ωBD + 4
2ωBD + 3
GφBD , (12)
with:
ǫ ≡
√
8πGm2 . (13)
We define:
W =
(
dΦ
dt
)†(
dΦ
dt
)
, V =
(
dΦ
dρ
)†(
dΦ
dρ
)
. (14)
Gravity becomes important when R ∼ 8πGM , with < φ >= 1/G. With
our rescalings and because the energy density within the soliton is ∼ m4, we
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find that r˜ ∼ 1 and if σ varies very slowly within the soliton, from a σ(0)
value at r˜ = 0 to a zero value at the outer edge of the soliton surface, then
V ∼ ǫ2m4. For m ∼ GeV the O(ǫ) quantities are negligible. We choose a
simple rescaled potential, admitting q-ball type solutions in the absence of
gravity and gauge fields, namely:
U = m2Φ†Φ
(
1− 4
m2
Φ†Φ +
16
3m4
(Φ†Φ)2
)
, (15)
which with our rescalings and after some algebra takes the form:
U˜ =
σ˜2
4
(
1− σ˜2 + σ˜
4
3
)
, (16)
where we setm = 1. From now on we drop the tildes and the O(ǫ) quantities.
From the equation of motion for the Higgs field we find:
σ2 = 1 + θ0B
1/2 , U =
1
12
(1 + θ30B
3/2) , W = θ20B(1 + θ0B
1/2) ,
T = 2W − 4U ,
(17)
with:
θ0 = ωE − a0 . (18)
The equation of motion for the Higgs field within the surface gives a
boundary condition for the gauge field θ0, which reduces to an eigenvalue
equation for the frequency in the case of global SU(2) symmetry (i.e.: when
a0 = 0). The surface width is of O(m
−1). The Higgs field σ varies rapidly
from a σ0 value at the inner edge of the surface, to a zero value at the outer
one. Dropping form the Lagrange equation the O(ǫ) terms and integrating
the resulting equation, we find that within the surface:
V +W − U = 0 . (19)
In order to match the interior with the surface solution we set σ′ = 0 at the
inner edge of the surface. Then, using eqs. 17 and 19 we find:
θ0sur =
A
1/2
sur
2
=
B
−1/2
sur
2
, (20)
where θ0sur is the value of θ0 within the thin surface. In the absence of gauge
fields we take: ωE = A
1/2
sur /2 which in the absence of gravity gives ωE = 1/2,
which is the correct eigenvalue equation for the q-soliton frequency.
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With the above definitions, the independent Einstein equations take the
following form:
A− 1
r2
+
1
r
dA
dr
=
2ωBD + 3
(2ωBD + 4)ΦBD
(
−W − U − 2W − 4U
2ωBD + 3
)
−ωBDA
2Φ2BD
(
dΦBD
dr
)2
− A
2ΦBDB
dB
dr
dΦBD
dr
, (21)
A− 1
r2
− A
B
1
r
dB
dr
=
2ωBD + 3
(2ωBD + 4)ΦBD
(
W − U − 2W − 4U
2ωBD + 3
)
+
ωBDA
2Φ2BD
(
dΦBD
dr
)2
+
A
ΦBD
(
d2ΦBD
dr2
+
1
2A
dA
dr
dΦBD
dr
)
, (22)
the Euler-Lagrange equation for the BD scalar is:
A
[
d2ΦBD
dr2
+
(
2
r
+
1
2A
dA
dr
− 1
2B
dB
dr
)
dΦBD
dr
]
=
2W − 4U
2ωBD + 4
, (23)
and the equation of motion for the new gauge field θ0:
θ′′0 +
(
2
r
+
A′
2A
+
B′
2B
)
θ′0 −
g2θ0(1 + θ0B
1/2)
2A
= 0 , (24)
with boundary conditions:
A(0) = 1 , θ′(0) = 0 , θ(R) = θsur , Φ
′
BD = 1 , (25)
and for r →∞:
A(r) = 1/B(r) = 1 , ΦBD = 1 , θ(r) = ωE . (26)
The first condition of eq. 24 reflects our freedom to redefine A(r), the second
and forth result from the spherical symmetry of the configuration and the
third is the eigenvalue equation for the new gauge field θ0, with R the soliton
radius. The first condition of eq. 25 is a straightforward consequence of
the Einstein equations for localized matter configurations, the second is the
boundary condition for the BD field with the proper rescalings and the third
denotes the absence of gauge fields at infinity. We numerically solve the
coupled system of eqs. 21-24.
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Figure 1: The value of the Higgs field σ at the center of the soliton as a
function of the coupling constant g2. The numbers within the figures 1-5
denote the eigenvalue θ0sur, which for g
2 = 0 reduces to ωE. Dashed lines
correspond to ωBD = 5 and solid lines to ωBD = 500. The results of General
Relativity almost coincide with the BD theory for ωBD = 500.
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Figure 2: The radius of the soliton as a function of g2.
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Figure 3: The asymptotically anti de Sitter mass, M , as a function of g2.
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Figure 4: The particle number, N , of the soliton as a function of g2.
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Figure 5: The value of the gauge field, a0, at the center of the soliton as a
function of g2.
The Noether currents corresponding to the generators of the SU(2) alge-
bra are given by the relation:
j0α =
(
∂L
∂(∂0Φ)
∂L
∂(∂0Φ∗)
)(
ıTα 0
0 −ıTα
)(
Φ
Φ∗
)
. (27)
We can find that:
j01 =
1
2
σ2θ0 sinϑ cosϕ ,
j02 =
1
2
σ2θ0 sinϑ sinϕ ,
j03 =
1
2
σ2θ0 cosϑ ,
(28)
and
j0 ≡
√
j201 + j
2
02 + j
2
03 =
1
2
σ2θ0 . (29)
The particle number is:
N = 2π
∫
σ2θ0
√
A
B
r2dr . (30)
The total energy of the field configuration results from the relation:
A(ρ) = 1− 2GM
ρ
+
Gg2N2
4πρ2
, ρ→∞ , (31)
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which gives with our rescalings:
M = 4πr
(
1− A(r) + g
2N2
32π2r2
)
, r →∞ . (32)
For ωBD →∞ the Einstein equations take the simple form:
A− 1
r2
+
A′
r
= −U −W − θ
′2
0
2g2
AB , (33)
A− 1
r2
− A
B
B′
r
=W − U − θ
′2
0
2g2
AB , (34)
when the other relations remain the same and the results of General Rela-
tivity are reproduced.
3 EYM equations in general scalar-tensor the-
ory
In the original BD gravitational theory ωBD is a constant. In a more general
theory it may be regarded as a function, usually of the BD field. We will use
one of the forms investigated in a cosmological framework, [32, 33], namely:
2ωBD + 3 = ω0φ
n
BD , (35)
with ω0 and n constants. The Lagrange equation for the BD field is:
φBD
;λ
;λ =
1
ω0φ
n
BD
(
8πT − dωBD
dφBD
φBD
,ρφBD,ρ
)
, (36)
We rescale:
ω˜0 =
(
2ωBD + 3
2ωBD + 4
)n
Gnω0 , (37)
and the other quantities as in 12 and drop the tildes and the O(ǫ) quanti-
ties. We will use n = 1. For other values of n the behavior of the soliton
parameters is very similar. The Einstein equations take the following form:
A− 1
r2
+
1
r
dA
dr
=
ω0
ω0ΦBD + 1
[
−W − U − 1
ω0ΦBD
×(
2W − 4U − AΦ
′2
BD
2
ω0ΦBD + 1
ΦBD
)]
−ω0ΦBD − 3
2
AΦ′2BD
2Φ2BD
− AB
′Φ′BD
2ΦBDB
, (38)
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Figure 6: The value of the field σ at the center of the soliton as a function
of ω0. The numbers within the figures 6-10 denote the g
2 value. We use
θ0sur = 0.4. In figures 6-10 solid lines are the numerical results produced in
the framework of scalar-tensor gravitational theory, when dashed lines are
the results from General Relativity
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Figure 7: The radius of the soliton as a function of ω0
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Figure 8: The asymptotically anti de Sitter mass, M of the soliton as a
function of ω0.
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Figure 9: The particle number of the soliton as a function of ω0.
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Figure 10: The value of the gauge field at the center of the soliton as a
function of ω0.
A− 1
r2
− A
B
1
r
dB
dr
=
ω0
ω0ΦBD + 1
[
W − U − 1
ω0ΦBD
×(
2W − 4U − AΦ
′2
BD
2
ω0ΦBD + 1
ΦBD
)]
+
ω0ΦBD − 3
2
AΦ′2BD
2Φ2BD
+
AΦ′′BD
ΦBD
+
A′Φ′BD
2ΦBD
. (39)
The equation of motion for the BD field is:
A
[
Φ′′BD +
(
2
r
+
A′
2A
− B
′
2B
)
Φ′BD
]
=
1
ω0ΦBD + 1
[
2W − 4U − AΦ
′2
BD
2
ω0ΦBD + 1
ΦBD
]
. (40)
The equations of motion for the gauge and Higgs field remain unchanged.
We solve numerically the coupled system of eqs. 37-40 and 24, when the
relations 30, 32 for the soliton mass and particle number hold true.
4 Conclusions
We studied EYM equations in the presence of a Higgs doublet in Brans-Dicke
and a simple scalar-tensor gravitational theory and compared our results with
the solutions of General Relativity. The Higgs doublet is characterized by a
potential admitting q-star type and and q-ball type solutions in the absence
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of gauge fields and gravity and gauge fields respectively. It is a matter of
simple algebra to verify this claim. So, the EYM-Higgs equations reduce to a
system of equations corresponding to (charged) soliton stars. These objects
are stars and not black holes, having no horizon or other anomalies.
There are two crucial parameters, resulting from the soliton star itself,
the field strength, g and the eigenvalue θ0sur which in the absence of gauge
fields reduces to the usual soliton eigen-frequency. The above eigenvalue is
straightforward connected to gravity strength on the surface, through eq. 20.
So, a soliton with small θ0sur shows a stronger gravitational force on its sur-
face, which corresponds to a more massive, or denser soliton, and this can be
verified by our figures. Also, larger value for the field strength, increases the
energy and radius of the field configuration due to the electrostatic repulsion
between the different parts of the soliton, when the value of the scalar field
within the soliton decreases for the same reason. These results hold true in
General Relativity as well as in scalar-tensor theories.
In figures 1-5 the results of General Relativity are not depicted because
they almost coincide with the ωBD = 500 (solid lines) case. ωBD ≃ 500 is
the lower experimental limit. The results of general relativity are exactly
reproduced when ωBD → ∞. In figures 6-10 we study the behavior of the
soliton parameters for 5 ≤ ω0 ≤ 1000. The results of General Relativity are
practically reproduced for ω0 = 1000 as one can see from the dashed lines in
figures 6-10, which correspond to the results of General Relativity.
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